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ABSTRACT
The relativistic equilibrium velocity distribution coincides with the Maxwellian distribution for
small velocities and vanishes at c, the velocity of light. Based on the decay pattern of high-energy tail in
the relativistic equilibrium velocity distribution, it is predicted for velocity and velocity rate distributions
of astrophysical plasma particles that they fall off to zero, as velocity goes to c, slower than any
exponential decay but faster than any power-law decay.
PACS: 05.20-y, 95.30Cq, 03.30+p
In statistical mechanics based on pre-relativistic mechanics, velocity and velocity rate
distributions of particles in equilibrium are known to be the Maxwellian,
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where N is the number of particles, m their rest mass, T the temperature, and KB the Boltzmann constant,
y=(yryr)1/2, r=1,2,3, yr is the well-defined Newtonian velocity. Eqs.(1a-1b) indicate the Gaussian decay of
high-energy tail in velocity and velocity rate distributions.
However, it has been observed for many years that velocity distributions of astrophysical plasma
(planetary magnetospheres, solar wind and other) particles deviate from the Maxwellian in the high-
velocity part though coincide with the Maxwellian in the low-velocity part [1-3]. Experimental data
clearly showed some slower decay of high-energy tails than the Gaussian or any other exponential decay.
As experimental data seem to be well modeled by the κ (kappa) distribution, as the kappa distribution
implies a power-law decay for a fixed value of kappa, some authors concluded that the decay mode of
high-energy tails in velocity distributions is power-law like. This conclusion is rather misleading.
The kappa distribution has the shape of [3]
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where θ =[(2κ-3)/κ]1/2(KBT/m)1/2, Γ is the gamma function and kappa is a parameter to be determined in
comparison with experimental data. Different values of kappa correspond to different kinds of velocity
distribution. When and only when kappa goes to infinity, the kappa distribution becomes the Maxwellian.
For any fixed value of kappa, the kappa distribution extends as far as y= ∞ , while experimental data, we
believe, extend as far as y=c, where c is the velocity of light. Also, for any fixed value of kappa, the kappa
distribution does not reduce to the Maxwellian in the low-velocity part, while experimental data, as
observed, can be well described by the Maxwellian distribution in the low-velocity part. The kappa
distribution can not be a good modeling distribution for experimental data. Moreover, the kappa
distribution is phenomenological: the value of kappa in fitting experimental data varies from event to
event [2].
In our recent work [4], we made the relativistic corrections to Maxwell’s velocity distribution law
and obtained the relativistic equilibrium velocity and velocity rate distributions. They provide with the
appropriate modeling distributions.
The relativistic equilibrium velocity and velocity rate distributions are
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Eqs.(3a-3b) are so-named because they are based on the velocity space in special relativity and the
modified special relativity theory [5].
P(y1,y2,y3) and P(y) respectively reduce to the Maxwellian velocity and velocity rate distributions
for small velocities, y/c <<1; They both, as y goes to c, fall off to zero slower than any exponential decay
but faster than any power law decay.
Actually, M(y1,y2,y3) and M(y) are respectively the first-order approximations of P(y1,y2,y3) and
P(y). That proves the first part of the statement. To judge its second part, we first consider three decay
modes, exp{-A[   n (2cz)]2}, z-n, and exp{-[2cz]B}, where z is a variable going to infinity, A is a positive
constant, B and n are two positive numbers.  One can find
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which gives
P=0. (4b)
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and
Q=0. (5b)
We now rewrite limy c→  P(y
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Eqs.(4a-4b), so both P(y1,y2,y3) and P(y) vanish at y=c. Seeing that
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for large z and the limit on the right-hand side equals zero due to Eqs.(4a-4b), we know, as z goes to
infinity, both P(y1,y2,y3) and P(y) fall off to zero faster than z-n. Again, seeing that
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for large z and the limit on its right-hand side equals zero due to Eqs.(5a-5b), we can assert that both
P(y1,y2,y3) and P(y) fall off to zero slower than exp{-[2cz]B} as z goes to infinity.
The prediction on a new decay mode of high-energy tails in velocity and velocity rate
distributions of astrophysical plasma particles is: These velocity and velocity rate distributions fall off to
zero, as y goes to c, slower than any exponential decay, exp{-[2c/(c-y)]B}, but faster than any power-law
decay, (c-y)n, where B and n are two positive numbers.
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